Abstract. We relate proper isometry classes of maximal lattices in a totally definite quaternary quadratic space (V, q) with trivial discriminant to certain equivalence classes of ideals in the quaternion algebra representing the Clifford invariant of (V, q). We use this strategy to classify binary Hermitian lattices over CM fields.
Introduction
In his Disquisitiones Arithmeticae Gauß defines his famous composition of rational binary quadratic forms and relates proper isometry classes of binary lattices to ideal classes in quadratic number fields. This approach generalises to binary quadratic forms over totally real number fields. Much further reaching generalisations have been given by Bhargava in his thesis and a series of subsequent papers. For ternary quadratic forms a similar relation between lattices and quaternion orders has been investigated by Peters ([19] ) and Brzezinski ([3] , [4] ) based on results from Eichler and Brandt, for a functorial correspondence see Voight ([35] ). Aeberli ( [1] ) used the Brandt groupoid of ideal classes in quaternion algebras to define a composition of quaternary lattices. A unified interpretation of these composition laws based on Clifford algebras is given in [14] .
Quaternary lattices have further been investigated by Ponomarev ([20, 23, 21, 24] ), who relates the proper isometry classes of lattices in a rational quaternary quadratic space to certain equivalence classes of ideals in a rational quaternion algebra.
The present paper generalises this correspondence to arbitrary totally real number fields K: If (V, q) is a totally definite quaternary quadratic space over K of square discriminant and Q the totally definite quaternion algebra representing its Clifford invariant, then the proper isometry classes of a-maximal lattices in (V, q) are in bijection with certain equivalence classes of normal ideals in Q of norm a (see Proposition 3.4 and Theorem 4.1). We use this correspondence to conclude Siegel's mass formula for these genera of lattices from Eichler's mass formula for quaternion algebras in Section 6. The correspondence also gives rise to an algorithm to enumerate the proper isometry classes of lattices in the genus of a-maximal lattices in (V, q) based on the method of [12] . This new algorithm is much more efficient than the usual Kneser neighbour method. As an application we study binary Hermitian lattices over totally complex quadratic extensions of K in Section 8. In particular our classification of unimodular binary Z[ζ 23 ]-lattices shows that there are exactly two isometry classes of extremal even unimodular lattices of dimension 48 with an automorphism of order 23.
Quadratic lattices over number fields
Let K be a number field and (V, q) a non-degenerate quadratic space over K. The most important invariants of (V, q) are its determinant, the square class of the determinant of a Gram matrix, and the Clifford invariant c(V, q), which is either K or the class of a quaternion division algebra in the Brauer group of K. The interest in these two isometry invariants of quadratic spaces is mainly due to the following classical result by Helmut Hasse.
Theorem 2.1 ( [9] ). Over a number field K the isometry class of a quadratic space is uniquely determined by its dimension, its determinant, its Clifford invariant and its signature at all real places of K.
Let Z K be the ring of integers in K. A Z K -lattice L in (V, q) is a finitely generated Z K -submodule of V that contains a K-basis of V . The orthogonal group O(V, q) := {ϕ ∈ GL(V ) | q(ϕ(v)) = q(v) for all v ∈ V } and its normal subgroup SO(V, q) := {ϕ ∈ O(V, q) | det(ϕ) = 1} of proper isometries act on the set of all lattices in (V, q). We call two lattices (L, q) and (L ′ , q) in (V, q) properly isometric, (L, q) ∼ = + (L ′ , q), if they are in the same orbit under the action of SO(V, q) and denote by
the proper isometry class of the Z K -lattice L. The stabiliser of (L, q) in SO(V, q) is called the proper isometry group Aut + (L, q) of (L, q). If we refer to the coarser notion of isometry and orbits under the full orthogonal group, then the upper script + is omitted.
The two lattices L and L ′ are called in the same genus, if
The classification of all (proper) isometry classes of lattices in a given genus is an interesting and intensively studied problem (see [26, 29, 11] ). One strategy is to embed an integral quadratic lattice (L, q) into a maximal one and deduce the classification of the genus of (L, q) from the one of maximal lattices. The mass formula for maximal lattices is given in [8] . Recall that for a fractional ideal a of
The Z K -maximal lattices are also called maximal. It is well known (see [18] ) that all a-maximal lattices in (V, q) are in the same genus, which we denote by G a (V, q).
Some basic facts about quaternion algebras
A detailed discussion of the arithmetic of quaternion algebras can be found in [6] , [34] , and [25] . So let Q be a totally definite quaternion algebra whose centre K is a totally real number field. It is well known that Q has a basis (1, i, j, ij) with ij = −ji and i 2 = a, j 2 = b for suitable totally negative a, b ∈ K. Then Q is also denoted by Q = a,b K
. It carries a canonical involution, : Q → Q defined by t + xi + yj + zij = t − xi − yj − zij such that the reduced norm n : Q → K, n(α) = αα of Q is a quaternary totally positive definite quadratic form over K with n(αβ) = n(α)n(β) for all α, β ∈ Q. The group of proper isometries of the quadratic space is known to be
(see e.g. [5, Appendix IV, Proposition 3] or [15, Proposition 4.3] ). The canonical involution of Q is an improper isometry of (Q, n), so O(Q, n) = SO(Q, n) : .
Remark 3.1. The Gram matrix of (Q, n) with respect to the basis (1, i, j, ij) from above is diag(1, −a, −b, ab). Hence the determinant of (Q, n) is a square and its Clifford invariant can be computed with [13, Formula (11.12) ] as the class of Q in the Brauer group of K.
An order in Q is a Z K -lattice that is a subring of Q. An order M is called maximal, if it is not contained in any proper overorder. A full Z K -lattice J in the vector space Q is called normal, if its right order
is a maximal order in Q. Then also its left order O ℓ (J) := {α ∈ Q | αJ ⊆ J} is maximal (see [25] ) and J is an invertible fractional left (right) ideal of its left (right) order. J is called a two sided
The two sided M-ideals form an abelian group containing the subgroup of principal two sided M-ideals {Mα | α ∈ N (M)}, where
is the normaliser of M.
Remark 3.2. Any normal lattice J p in the completion Q p := Q ⊗ K K p is free, hence of the form αO r (J p ) for some α ∈ Q from the set of equivalence classes of normal ideals in Q into the narrow class group CL + (K) of K. Let a be a fractional ideal of Z K . We call a normal ideal J in Q (and also its two sided equivalence class) of type [a] if N(J) = [a]. Then the stably free ideals are exactly the ones of type [Z K ].
Let J be a normal ideal of type [a] . Then N(J) = aa for some totally positive a ∈ K. By the theorem of Hasse-Schilling-Maass, there is some α ∈ Q such that n(α) = 1 a . Then N(αJ) = a. So any two sided equivalence class of type [a] is represented by some normal ideal J with N(J) = a. We call such a representative a-normalised. Then the set of all a-normalised representatives of C(J) is
The next lemma shows that the stabiliser of J under this action is the group Proof. ⇒: Is αJβ
For a normal ideal J we denote by
As the norm of an element of Q is always totally positive, the group U(J) is a subgroup of the group Z * K,>0 of totally positive units of
Proposition 3.4. Let J be a normal lattice with N(J) = a. A system of representatives of all proper isometry classes of lattices (I, n) where
All these lattices have the same proper automorphism group
Proof. Let (α u J, n) be properly isometric to (α v J, n). Then there are α, β ∈ Q * , n(α)n(β
For a ∈ Z * K the elements (αa, βa) and (α, β) in A(J) induce the same isometry between (J, n) and (J, n(α)n(β −1 )n). So we have the following short exact sequence
Quaternary lattices
In this section we fix a totally real number field K and a totally positive definite quadratic space (V, q) of dimension 4 over K. To apply the theory of the previous section, we assume that det(V, q) is a square in K. Then the Clifford invariant c(V, q) = [Q] is the class of a totally definite quaternion algebra Q in the Brauer group of K and by Theorem 2.1 we have that
If K = Q it is shown in [22] that the proper isometry classes of lattices in the genus G Z (V, q) of maximal lattices in (V, q) correspond to two sided equivalence classes of normal lattices J in Q. To extend this correspondence to our more general situation let a be a fractional ideal in K and choose a-normalised ideals
is the set of all a-normalised normal lattices in Q.
is a system of representatives of the proper isometry classes of lattices in G a (V, q).
Applying Proposition 3.4 we see that the lattices in
We need to show that the completions (α u J p , n) are a p -maximal for all maximal ideals p of Z K . So after rescaling, we may assume that a = Z K and only show that (
is in the genus of (J, n). As J is locally free it locally admits improper automorphisms (see Remark 3.2). So the lattices (I, n) and (J, n) are properly isometric at all places of K. So for each maximal ideal p of Z K there exist α p , β p ∈ Q * p such that n(α p )n(β p ) = 1 and I p = α p J p β p . In particular, I is a normal lattice in Q and N(I) = N(J) = a.
Eichler's mass formula.
As above let Q be a totally definite quaternion algebra over the totally real number field K. Denote by p 1 , . . . , p s the maximal ideals of Z K that ramify in Q (i.e. where the completion Q p i is a division algebra). Let M be a maximal order in Q and I(M) := {I 1 , . . . , I h } be a system of representatives of the left equivalence classes of right ideals of M. Then h is called the class number of Q. It does not depend on the chosen maximal order M and it is always bigger or equal to the type number t of Q, the number of conjugacy classes of maximal orders in Q. The mass of of M is
Theorem 5.1 (Eichler [6] ).
where h K is the class number of K.
To obtain the mass of the stably free ideal classes, let h [O ℓ (I) :
Proof. We define
A , there exists a unique normal lattice I in Q such that I p = α p M p locally everywhere. More precisely, the left equivalence classes of fractional right ideals of M are in bijection with Q * \Q * A /M * . The theorem of Hasse-Schilling-Maass shows that any totally positive element of K is a norm, n(Q * ) = K * >0 . Further, the reduced norm induces an epimorphism 
Hence the kernel of n
But this index is the narrow class number of K.
The Minkowski-Siegel mass formula
From Eichler's mass formula we may deduce the Minkowski-Siegel mass formula for lattices in our special case. Let
2 | is clearly the quotient of the narrow class number and the class number of K,
Let M 1 , . . . , M t represent the isomorphism classes of maximal orders in Q and let
For 1 ≤ i, j ≤ t we define the following maps:
Let Π i := n i (N i ) be the image of n i and 2 f i := |Π i | denote its order. Then the order of the two sided class group of M i is (see [6, p. 137 
Moreover the image of n i × n j is Π i Π j of order 2 f i +f j −f ij where
We denote by
and define
Then the image of n ij is exactly Π i ∩ Π j and the kernel of n ij is
and its kernel V ij := Ker( n ij ). Let 2 y ij be the index of M
Remark 6.1. Let J be a normal ideal with right order O r (J) = M j and left order O ℓ (J) = M i . Then the subgroup U(J) ≤ Z All the groups defined before contain
is the group of norm 1 units in the maximal order M i . For further computations we define Figure 1 illustrates the various subgroups of the group N i × N j . 
Proof. By Proposition 3.4 every proper automorphism of (J, n) is of the form
We now fix an order M j and some 1 ≤ i ≤ t.
Lemma 6.3. The number of two sided equivalence classes represented by normal ideals in Q having left order M i and right order M j is
where λ ∈ K * is chosen such that aλIb −1 ∈ S. Lemma 3.3 shows that the stabiliser of any ideal in S is U ij . In particular, S consists of h K 2 s−f i −f j +f ij orbits. The result follows since the number of orbits is also the number of two sided equivalence classes represented by normal ideals in Q having left order M i and right order M j .
To state the Minkowski-Siegel mass formula let L 1 , . . . , L k be a system of representatives of proper isometry classes of lattices in G a (Q, n). Then the mass of this genus of a-maximal lattices is defined as
Already Siegel gave an analytic expression for the mass of a genus of arbitrary positive definite Z K -lattices (see [31] and [32] ). In our special situation, this expression can also be derived from Eichler's mass formula:
where Mass(M) is as in Theorem 5.1.
is an isometry preserving bijection between G a and G aa for any totally positive a ∈ K. So it is enough to show the theorem for representatives a 1 , . . ., a h
z ij proper isometry classes of lattices (see Remark 6.1), all having the same proper isometry group which has order 2|M
(1)
y ij by Lemma 6.2. So
Now by [8] all the masses of G a i (Q, n) are the same (as locally the lattices are just rescaled versions of each other), so the theorem follows.
Proper isometry classes in G a (V, q)
To determine the proper isometry classes in G a (V, q), we first fix a maximal order M and determine
using the algorithm described in [12] . In particular this algorithm also gives a set
representing the isomorphism classes of maximal orders in Q. Then right multiplication by X i := MM i gives a bijection
In particular
contains representatives for all two sided equivalence classes of normal ideals in Q whose norm is in [a]. 
is a system of representatives of proper isometry classes of lattices in G a (V, q).
Remark 7.3. The computation of a system of representatives of the proper isometry classes in G a (V, q) using Corollary 7.2 is much faster than using Kneser's neighbour method [26] directly. There are mainly two reasons for this.
(1) For the computation of
Lat ji (a) one only has to enumerate the set I(M) using the algorithm described in [12] . The size of the set I(M) is the class number h of Q. From eq. (2), one then immediately obtains the sets
If K has narrow class number 1, then Corollary 7.2 shows that the number of proper isometry classes in G a (V, q) is at least ht/2 s ≥ t 2 /2 2s . So using Kneser's method directly requires to enumerate way more lattices than the enumeration of the h ≤ 2 s t ideal classes in M. 
and the fundamental unit ǫ = 4 + √ 15 of Z K is totally positive. We take Q = −1,−1 K to be the quaternion algebra over K ramified only at the two infinite places. With the algorithm from [12] that is implemented in Magma [2] we compute that Q has 8 maximal orders each of class number 8. We list these maximal orders M i (1 ≤ i ≤ 8) by giving the structure of their unit group:
and z ij = 1 if {i, j} ∈ {{1, 1}, {3, 3}, {1, 3}, {6, 6}, {8, 8}, {6, 8}} and z ij = 0 in all other cases. We compute that
for j ∈ {2, 3, 6} [p 3 p 5 ] for j ∈ {5, 8}.
As the class number is equal to the type number, all normal ideals are equivalent to
can be computed from the information above. Using the information on z ij given before, Proposition 3.4 now allows to deduce the number of proper isometry classes of Z K -lattices in each of the four genera as listed in the next table. The columns are headed by a set of indices i whereas the entries in the table give the set of values of j such that N (M i M j ) lies in the narrow ideal class of the respective row. The entries below the # gives the number of proper isometry classes of lattices obtained by these values (i, j). Summing up these entries in each row gives the proper class number h + of the genus as displayed in the first column of the table:
To analyse the lattices we consider the 4-dimensional Z K -lattices as Z-lattices of dimension 8 with the trace of the quadratic form: Definition 7.4. Let K be a totally real number field and (L, q) be a totally positive definite Z K -lattice in (V, q). Then the Z-trace lattice of (L, q) is the Z-lattice L equipped with the quadratic form Tr(q) : L → Q, ℓ → Tr K/Q (q(ℓ)).
For the four genera considered above, the Z-trace lattices lie in the genera of even 15-modular (+ type) (see [27] for basic facts on modular lattices), 5-modular, 3-modular resp. unimodular lattices of dimension 8. Of course the latter 14 lattices are as Z-lattices all isometric to the E 8 -lattice, the unique even unimodular Zlattice of dimension 8. One finds 2 extremal 15-modular lattices (minimum 6 as Z-lattices): (M 3 , ǫn) and (M 3 M 6 , n) ∼ = (M 6 M 3 , n). There is a unique extremal even 5-modular lattice of dimension 8 (minimum 4 as Z-lattice), so all the Ztrace lattices in G p (Q, n) of minimum 4 are isometric to this lattice. These are (M i M j , n) for {i, j} = {2, 5}, {3, 8} or (M i M j , ǫn) for {i, j} = {6, 8}.
Binary Hermitian forms
Assume that we have a CM-field extension E/K with Gal(E/K) =: σ . Then E = K(α) for some α ∈ E with α 2 =: δ ∈ K and σ(α) = −α. Any non-degenerate Hermitian space (V, h) of dimension n over E gives rise to a non-degenerate quadratic space (V, q h ) of dimension 2n over K where
for all α ∈ E. On the other hand, starting with a non-degenerate quadratic space (V, q) over K then any embedding ϕ : E ֒→ End K (V ) defines an E-linear structure on V . If the restriction of the adjoint involution of b q to ϕ(E) is σ then
is a Hermitian form on V such that q = q h . In this case we call the embedding ϕ Hermitian with respect to q. Clearly the unitary group U(V, h) embeds into the orthogonal group O(V, q h ). Even more is true: If g ∈ U(V, h) then h(xg, yg) = h(x, y) for all x, y ∈ V . So the norm of the determinant of g ∈ End E (V ), which is the determinant of g ∈ End K (V ), is equal to 1 (see [28, Theorem 10.1.5] ) and hence
U(V, h) ֒→ SO(V, q h ).
On the other hand, given a Hermitian embedding ϕ : E → End K (V ) with respect to q, then the unitary group is U(V, h ϕ ) = {g ∈ O(V, q) | gϕ(e) = ϕ(e)g for all e ∈ E}.
In this section we want to combine this point of view with the methods developed before to classify binary Hermitian Z E -lattices: Given a 2-dimensional totally positive definite Hermitian space (V, h) over E, the associated quadratic space (V, q h ) is a quaternary totally positive definite quadratic space over K. By [28, Chapter 10, Remark 1.4] the determinant of (V, q h ) is a square in K and c(V, q h ) = [
where
, in particular E is a maximal subfield of Q and Q is a 2-dimensional vector space over E. As the restriction of the canonical involution of Q to E is the non-trivial Galois automorphism σ of E/K, the norm form n gives rise to a Hermitian form h n on the 2-dimensional E-vector space Q, such that (Q, h n ) ∼ = (V, h).
To classify all Hermitian embeddings of E with respect to n we identify End K (Q) with Q op ⊗ Q.
Lemma 8.1. Let ϕ : E → End K (Q) be a Hermitian embedding with respect to n.
Proof. Write E = K(α) with σ(α) = −α and α 2 ∈ K and let Q 0 := {x ∈ Q | x+x = 0} be the 3-dimensional K-subspace of trace 0 elements in Q. The restriction of the adjoint involution of n to Q op ⊗ K and to K ⊗ Q is the canonical involution of Q resp. Q op ∼ = Q. In particular the 6-dimensional space (
is contained in the space of skew symmetric elements (with respect to the adjoint involution of K 4×4 induced by the symmetric bilinear form b n ). As this space is of dimension 6, we conclude that ϕ(α), being skew symmetric, is of the form
Clearly the orthogonal group acts on the set of Hermitian embeddings by conjugation. Proof. Recall that all proper isometries of (Q, n) are of the form τ a,b : x → axb with a, b ∈ Q, n(a)n(b) = 1 and that the canonical involution x → x is an improper isometry . Given a Hermitian embedding ϕ : E → End K (Q) with values ϕ(E) ⊆ Q op ⊗ K, the conjugate by yields a Hermitian embedding with values in K ⊗ Q. By the Theorem of Skolem and Noether any two embeddings ϕ 1 , ϕ 2 of E into Q ∼ = K ⊗ Q are conjugate in Q * . So there is some a ∈ Q * such that aϕ 1 a −1 = ϕ 2 . The proper isometry τ a −1 ,a hence conjugates ϕ 1 into ϕ 2 .
Note that Proposition 8.2 gives, for the special case of binary Hermitian forms, a more explicit way to show [28, Theorem (10.1.1)] that two Hermitian spaces are isometric, if and only if the corresponding quadratic spaces are isometric over K. However, this is in general not true for lattices: The ring of integers Z E also embeds into Q, so there is some maximal order M in Q containing Z E . The lattice (M, n) is hence a Hermitian Z E -lattice L in (V, h), maximal with respect to the condition that n(ℓ) = h(ℓ, ℓ) ∈ Z K for all ℓ ∈ L. Again these maximal Hermitian Z E -lattices form a genus ( [30] ). As before we generalise this notion for an arbitrary fractional
the genus of a-maximal Z E -lattices in (V, h). We want to use the techniques explained in the previous section to compute a system of representatives of Hermitian isometry classes of lattices in
and we obtain the following remark.
) and there is a Hermitian embedding ϕ :
The reverse direction is dealt with in the next lemma.
Proof. By the remarks above the set of all Hermitian Z E -structures on (L, q) is in bijection to the set of all Hermitian embeddings ϕ i :
Clearly any such g yields
for all x, y ∈ L. On the other hand, any isometry between (L, h i ) and (L, h j ) is an automorphism of L, preserving the quadratic form q(x) = h i (x, x) = h j (x, x).
By Lemma 8.1 the image ϕ(Z E ) of a hermitian embedding into End Z K (L) is either contained in the left or in the right order of the normal lattice L. After conjugation with the improper isometry given by the canonical involution of Q we may assume without loss of generality that ϕ(Z E ) ⊆ O r (L). G a (V, h) . To determine G a (V, h) we start with the system of representatives of Z K -isometry classes of lattices in G a (V, q) given in Section 7.
An algorithm to determine
Remark 8.5. To compute all Hermitian embeddings ϕ : Z E ֒→ M for a given maximal order M we choose some α ∈ Z E with σ(α) = −α and α 2 = δ ∈ Z K . We first find all elements x ∈ M with x 2 = δ and x = −x. These elements lie in the sublattice M 0 of trace 0 elements in M. The map Tr(n) : y → Tr K/Q (n(y)) defines a positive definite quadratic form on the Z-lattice M 0 . Clearly Tr(n)(x) = Tr K/Q (−δ) =: a ∈ Z >0 . Using the shortest vector algorithm [7] we enumerate the vectors v of norm a in the Z-lattice (M 0 , Tr(n)) and then check whether v 2 = δ. For these v the map α → v then defines an embedding ϕ of E into Q. It yields an embedding of Z E into M if and only if ϕ(Z E ) ⊆ M.
be the projection of the proper automorphism group of M i M j onto the second component and let Φ ij be a system of representatives of the N ij orbits of the Hermitian embeddings of Z E into M j . Theorem 8.6. The set {(L, h ϕ ) : L ∈ Lat ij (a), ϕ ∈ Φ ij } is a system of representatives of isometry classes of lattices in G a (V, h).
Proof. Assume that (L, h ϕ ) and (L ′ , h ϕ ′ ) are isometric as Hermitian lattices. Then also the underlying Z K -lattices (L, q hϕ ) and (L ′ , q h ϕ ′ ) are isometric, so L = L ′ and Lemma 8.4 implies that there is g ∈ Aut(L, q) such that gϕg −1 = ϕ ′ . As the images of ϕ and ϕ ′ are both contained in
, the element g is a proper isometry. By Proposition 3.4 there is some a ∈ N ij such that aϕa
2 there are i, j ∈ {1, . . . , t} and some (L, q) ∈ Lat ij (a) such that (L, q h ) is properly isometric to (L, q). Moreover Lemma 8.4 tells us that there is a Hermitian embedding ϕ :
After conjugation with the improper isometry given by the canonical involution of Q we may assume without loss of generality
By definition of Φ ij there is some automorphism of (L, q) conjugating ϕ into Φ ij . Now the theorem follows from Lemma 8.4. (Q, h). So this genus has class number 8.
Binary unimodular lattices over certain cyclotomic fields
In this last section we restrict to the case where E = Q(ζ p ) for some prime p ≡ 3 (mod 4) and K is its maximal totally real subfield Q(ζ p + ζ infinite places of K and the finite place over p. Then E embeds into Q and hence there is some maximal order M that contains Z E = Z[ζ p ]. In fact, such a maximal order can be constructed as the enveloping order of the quaternion group of order 4p as
p (see for example [15, Theorem 6.1] ). The Hermitian lattice (M, h n ) is isometric to the standard Hermitian Z E -lattice of dimension 2, and hence the Z-trace lattice of the Z K -lattice (M, be the quaternion algebra with centre Q ramified only at p and the infinite place and let M ′ be some maximal order in Q ′ . Then for any lattice (L ′ , q ′ ) in the genus of (M ′ , n) there are exactly 2(p+1) even unimodular
All these even unimodular lattices have an automorphism g of order p with characteristic polynomial χ g = (X p − 1)
9.1. Class number of Hermitian lattices. It is quite interesting that in the very special case where additionally h + K = 1 we can compute the class number of the genus of Hermitian unimodular Z E -lattices from the type number t of Q. A formula for t can be found in [34, Corollaire V.2.6].
Then h E is odd and the class number of the genus of Hermitian unimodular binary Z E -lattices is h E t where t is the type number of
Proof. We first note that the condition on the narrow class number h 
It acts on the set of Z K -linear embeddings ϕ : Z E → M i with the same orbits as M
i . In particular there is one such orbit for i = 1 and two orbits for i = 2, . . . , a and the total number of embeddings is 1 + 2(a − 1) = 2a − 1. By [34, Corollaire III.5.12] this number is exactly the class number of E, so h E = 2a − 1 is odd. By 
Moreover the norm of b is the norm of (1 − ζ p ), so bO ℓ (I) generates the maximal ideal of O ℓ (I) of norm p. By the assumption h K = 1 this condition is equivalent to the fact that the two sided class number H(O ℓ (I)) = 1. As h = t i=1 H(M i ) we compute that the number of N (M i )-orbits on I(M i ) is exactly t for all 1 ≤ i ≤ a and a system of representatives is given by
So by Theorem 8.6 the number of isometry classes of Hermitian Z E -lattices in the genus of (M, h n ) is h E t.
Remark 9.3. The conclusion that h E is odd follows from the much more general result due to Hasse [10, Satz 42] . There Hasse gives necessary and sufficient conditions for h E /h K being odd. 9.2. Examples for small primes p. Due to the growth of computational complexity we only treat the primes p = 3, 7, 11, 19, 23. For all these p the narrow class number of K is h + K = 1 and we may apply Proposition 9.2. For p = 3 and p = 7 the order M is the unique maximal order, so the genus of the Hermitian unimodular Z E -lattices of dimension 2 only consists of the class of the standard lattice. Also the class number of the genus of (M ′ , n) from Remark 9.1 is 1 and the even unimodular Z-lattices obtained in Remark 9.1 are all isometric to the root lattice E 8 (for p = 3) respectively E 8 ⊥ E 8 (for p = 7).
For p = 11 we compute that h E = 1, so the order M is the unique maximal order that contains Z[ζ p ] (see [34, Corollaire III.5.12] ). The type number of Q is the class number of M and equal to 2. The other lattice in the genus of (M, h n ) has dual trace lattice of minimum 4. Also the genus of the even 4-dimensional 11-modular lattices, the genus of (M ′ , n) form Remark 9.1, contains a unique lattice of minimum 4. One finds the Leech lattice, the unique extremal even unimodular lattice of dimension 24, as an overlattice of minimum 4 of the orthogonal sum of these two lattices. [2] we compute the type number t of Q as t = 185 so also the class number of the genus of (M, h n ) is 185 by Proposition 9.2. As we are mainly interested in the trace lattices, we group these 185 lattices into orbits under the Galois group Gal(E/Q) ∼ = C 18 and obtain in total 23 orbits, two of them have length 1, one has length 3, and the other 20 orbits have length 9. So we obtain in total 23 isometry classes of dual trace lattices, one of which has minimum 2 and the other 22 lattices have minimum 4.
To classify extremal even unimodular lattices of dimension 40 with an automorphism of order 19 we need to find all unimodular overlattices M of L ⊥ L ′ where L is one of these 22 lattices and L ′ the unique 4-dimensional 19-modular lattice of minimum 4 (cf. Remark 9.1). As (
are anisotropic quadratic spaces, the lattice M is of the form
for an isometry ϕ between −q L ′ and q L . The automorphism group of L ′ has 5 orbits on the set of these isometries, so each of the 22 lattices L gives rise to 5 lattices M. Among the 110 lattices M, 12 come in isometric pairs, hence we have shown: 2 (X − 1) 2 and these lattices are constructed as in Remark 9.1. Our computations described below in particular show the following corollary. we compute the type number t = 16393 and the class number h = 32651. So by Proposition 9.2 the genus of binary Hermitian unimodular Z E -lattices consists of exactly 3 · 16393 isometry classes. Out of these only 12 have dual trace lattices of minimum ≥ 6, all coming from lattices of the first maximal order M. These 12 dual trace lattices fall into two isometry classes of Z-lattices, 11 of them are isometric to the orthogonal complement of the fixed lattice of an element of order 23 in Aut(P 48q ) ∼ = SL 2 (47) and the other one to the respective sublattice of P 48p with Aut(P 48p ) ∼ = (SL 2 (23) × S 3 ).2. Computing the overlattices from Remark 9.1 we conclude that these two extremal even unimodular lattices are the only ones that allow an automorphism of order 23.
Note that the result of Corollary 9.5 cannot easily be established by enumerating the genus of binary Hermitian unimodular Z E -lattices using Kneser's neighbour method directly, simply because the computation of isometries between such lattices is very time and memory consuming.
